Regarded as the integrable generalization of Camassa-Holm (CH) equation, the CH equation with self-consistent sources (CHESCS) is derived. The Lax representation of the CHESCS is presented. The conservation laws for CHESCS are constructed. The peakon solution, N-soliton, N-cuspon, N-positon and N-negaton solutions of CHESCS are obtained by using Darboux transformation and the method of variation of constants.
Introduction
Camassa-Holm (CH) equation, which was implicitly contained in the class of multi-Hamiltonian system introduced by Fuchssteiner and Fokas 1 and explicitly derived as a shallow water wave equation by Camassa and Holm 2, 3 , has the form u t + 2ωu x − u xxt + 3uu x = 2u x u xx + uu xxx , (1.1) where u = u(x, t) is the fluid velocity in the x direction and the constant 2ω is related to the critical shallow water wave speed. Let q = u − u xx + w, we have the following equivalent equation 4 .
It was shown by Camassa and Holm that this equation shares most of the properties of the integrable system of KdV type 2, 3 . It possesses Lax pair formalism and the bi-hamiltonian structure. When w > 0, the CH equation has smooth solitary wave solutions. When w −→ 0, these solutions become piecewise smooth and have cusps at their peaks. These kind of solutions are weak solutions of (1.2) with ω = 0 and are called "peakons". Since the works of Camassa and Holm, this equation has 2 The CHESCS and its Lax pair
The CHESCS
The Lax pair for CH equation (1.2) is given by 2 ϕ xx = (λq + 1 4 )ϕ, (2.1a)
It is not difficult to find that δλ δq = −λϕ 2 .
2)
The CH equation possesses bi-hamiltonian structure 2 According to the approach proposed in the reference 21−24 , the CHESCS is defined as follows which has a equivalent form by using (2.4b)
5a)
ϕ j,xx = (λ j q + 1 4 )ϕ j , j = 1, · · · , N, (2.5b)
The Lax representation of the CHESCS
Based on the Lax pair of the CH equation (2.1), we may assume the Lax representation of the CHESCS (2.4) or (2.5) has the form ϕ xx = (λq + 1 4 )ϕ, (2.6a)
6b)
where f (ϕ j ) is undetermined function of ϕ j . The compatibility condition of (2.6a) and (2.6b) gives
where
Then (2.6) and (2.7) yields
Here f ′ denotes the partial derivative of the function f with respect to the variable ϕ j . In order to determine f, α j and β j , we compare the coefficients of 1 λ−λ j , λ and λ 0 , respectively. We first observe the coefficients of 1 λ−λ j , then the coefficients of ϕ 3 jx , ϕ jx and other terms gives rise to, respectively
which leads to f = bϕ 2 j . Substituting f = bϕ 2 j into the coefficients of λ in (2.8) gives
Comparing the above equation and (2.4a), we can determine
Substituting f = −2ϕ 2 j , and β j = λ j into the coefficients of λ 0 in (2.8), we obtain
Thus we obtain the Lax pair of the CHESCS (2.5)
which means that the CHESCS (2.5) is Lax integrable.
The infinite conservation laws of the CHESCS
With the help of the Lax representation of the CHESCS, we could find the conservation laws for the CHESCS by a well-known method. First we assume that q, u, ϕ j and its derivatives tend to 0 when |x| → ∞.
together with (2.10) implies that CHESCS has the following conservation law:
. Using (2.10a) gives rise to
then µ m is the density of conservation laws.
It is found that the density of the conservation laws µ m and the flux of the conservation laws F m satisfy the following recursion relation:
After some calculations we can find the first few conserved quantities given by µ 0 , µ 2 and µ 4 are as follows
8a)
The corresponding flux of the conservation laws are
As the space part of the Lax Pair of the CHESCS is the same as that of CH equation, the densities of the conservation laws of the CHESCS are the same as those of the Camassa-Holm equation 12 . As the time part of the Lax pair is different, the fluxs of the conservation laws for CH equation and CHESCS are different.
One peakon solution of the CHESCS
The CH equation (1.2) has peakon solutions 2
where α is an arbitrary constant. The corresponding eigenfunction of (2.1) is
where β is an arbitrary constant.
Since the CHESCS (2.5) can be considered as the CH equation (1.2) with non-homogeneous terms, we may use the method of variation of constants to find the peakon solution of CHESCS from the peakon solution (4.1) and (4.2). Taking α and β in (4.1) and (4.2) to be time-dependent α(t) and β(t) and requiring that
satisfy the CHESCS (2.5) for N = 1. We find that c = 1 λ , α(t) can be an arbitrary function of t and β(t) = α ′ (t)c. So we have the one peakon solution for (2.4) with N = 1,
The one peakon of the CHESCS also has a cusp at its peak, located at x = ct − α(t). We note that for the one peakon solution of the CH equation, the solution travels with speed c and has a cusp at its peak of height c, for the CHESCS, the cusp is still at its peak of height c, but the speed c − α(t) t of the wave is no longer a constant. 
The compatibility condition of (5.1a) and (5.1b) gives an alternative of the associated CH (ACH) equation
We now consider the reciprocal transformation for the CHESCS (2.5). (2.5a) gives
(5.4) shows that the 1-form
is closed, so we can define a reciprocal transformation (x, t) → (y, s) by the relation
and we have
Denoting ϕ = r
2 ψ j and using (5.2), the Lax pair (2.9) of CHESCS (2.5) is correspondingly rewritten as
The compatibility condition of (5.8a) and (5.8b) leads to an associated CHESCS (ACHESCS)
The Eqs.(5.9) can be regarded as the Eqs.(5.3) with self-consistent sources. In order to obtain the solutions of the CHESCS (2.5), we have to get the relation of the variables (y, s) and the variables (x, t). From the reciprocal transformation, we have
By making use of the compatibility of the above two equations, we have
The solutions of the CHESCS (2.5) with respect to the variables (y,s) are given by
We now prove (5.12b). From q = u − u xx + ω and the reciprocal transformation (5.7), we have
By using the reciprocal transformation (5.7), (5.4) gives rise to
Substituting (5.14) and (5.2) into (5.13) leads to (5.12b).
The solutions for the CHESCS
Notice that Q = 0, r = √ ω is the solution of (5.2) and (5.3). Let the functions φ 0 (y, s, λ), Ψ 1 (y, s, λ 1 ), · · · , Ψ n (y, s, λ n ) be different solutions of (5.1) with Q = 0, r = √ ω and the corresponding λ and λ = λ 1 , · · · , λ n , respectively. We construct two Wronskian determinants from these functions
where m i ≥ 0 are given numbers and Ψ
Based on the generalized Darboux transformation for KdV hierarchy 30 and using (5.3a), the following generalized Darboux transformation of (5.1) is valid 4,30,31 
The multisoliton solutions
Take Ψ i and Φ i be the solutions of Eq.(5.1) with Q = 0, r = √ ω and
is an odd number, (6.3a)
Ψ i = sinhξ i , i is an even number. (6.3b)
where henceforth
By using Darboux transformation (6.2) with m 1 = · · · = m n = 0, the n-soliton solution Q(y, s) and r(y, s) of (5.3) and the corresponding eigenfunction φ i (y, s, λ i ) of (5.1) with
is given by
When n = 1 and 4k 2 1 ω −1 < 0, (6.6) gives rise to one soliton solution for (5.3) and the corresponding eigenfunction of (5.1) with
Q(y, s) = −2k
7a)
Since Eq.(5.9) can be considered to be Eq.(5.3) with non-homogeneous terms and φ 1 satisfies (5.1a) with λ = λ 1 , we may apply the method of variation of constant to find the solutions of the CHESCS (5.9) by using the solution (6.7) of ACH equation (5.3) and corresponding eigenfunction. Taking α 1 in (6.5) to be time-dependent functions α 1 (s) and requiring that Q(y, s) = −2k
satisfy the system (5.9) for N = 1, henceforth, we denotē
We find that α 1 (s) can be an arbitrary function of s and
So the one-soliton solution of the CHESCS (2.5) with N = 1 and λ 1 = k 2 1 − 1 4ω < 0 is obtained with respect to the variables (y, s) from (5.12)
The requirement 4k 2 1 ω − 1 < 0 guarantees the nonsingularity of solution (6.11). In Fig 1, we plot the single soliton solution of u and ϕ 1 . When n = 2,
12a)
12b)
12e) (6.12f) Then (6.6) with n = 2 gives rise to two soliton solution for (5.3) and the corresponding eigenfunction of (5.1). In the same way as we did on the one-soliton solution, we can apply the method of variation of constants to get the two soliton solution of the ACHESCS (2.9) which together with (5.12) yields to the two soliton solution for CHESCS (2.5) with N = 2,
In Fig 2 we plot the interactions of two soliton solution for u and ϕ 1 , ϕ 2 , which is shown that u is elastic collision. Notice that the soliton solutions of CHESCS contains arbitrary s functions α j (s). This implies that the insertion of sources into the CH equation may cause the variation of the speed of soliton.
In the same way as in the reference 27 , we may apply the method of variation of constant to find the N-soliton solution of (2.5) with
The multicuspon solutions
Take Ψ i and Φ i be the solutions of Eq.(5.1) when Q = 0, r = √ ω and 16) where ξ i is given by (6.5).
The n-cuspon solution Q(y, s) and r(y, s) of (5.3) and the corresponding eigenfunction φ i (y, s, λ i ) of (5.1) with
is given by (6.6). When n = 1 and 4k 2 1 ω − 1 > 0, (6.6) gives rise to one cuspon solution for (5.3) and the corresponding eigenfunction of (5.1) with
Q(y, s) = 2k
17a)
Similarly, we may apply the method of variation of constant to find the solutions of the ACHESCS (5.9) by using the solution (6.17) of (5.3) and corresponding eigenfunction. Taking α 1 in (6.5) to be time-dependent functions α 1 (s) and requiring that Q(y, s) = 2k
18a)
satisfy the system (5.9) for N = 1, we find that α 1 (s) can be an arbitrary function of s and
So the one-cuspon solution of the CHESCS (2.5) with N = 1 and λ 1 = k 2 1 − 1 4ω > 0 is obtained with respect to the variables (y, s) from (5.12)
In Fig 3, we plot the one-cuspon solution of u, ϕ 1 . Similarly, we can apply the method of variation of constant to find the N-cuspon solution of (2.5) with
Further more in the same way, we can fnd mixed k 1 -soliton-k 2 -cuspon solution for (2.5) with
, by using (6.6) and (5.12).
The multipositon solutions
4ω , i = 1, · · · , N , and take Ψ i = sinξ i , i is an odd number, (6.22a)
For N = 1, we have
24a)
).
(6.24b)
and
1 , Φ 1 ) = −2k 
where α 1 and β 1 are arbitrary constants. By using the method of variation of constants, which means we change α 1 and β 1 into α 1 (s) and β 1 (s), we obtain the one-positon solution for the CHESCS (2.5) with N = 1,
from (5.12), wherer
where α 1 (s) is an arbitrary function of s.
In Fig 4, we plot the one-positon solution of u and ϕ 1 .
The positon solution of CHESCS is long-range analogue of soliton and is slowly decreasing, oscillating solution 31 . In the same way we can find N-positon solution for (2.5). For a detailed discussion on positon solution we refer to the reference 31 .
For N , we have
i is an odd number, (6.28a)
We find that
N ), (6.29a)
N , Φ i ), (6.29b) and the N-positon solution of (5.3) and the corresponding eigenfunction for (5.1) is given by
where α i and β i are arbitrary constants.
By using the method of variation of constants, we obtain the N-positon solution for the CHESCS (2.5) from (5.12), wherē
31b)
where α i (s) are arbitrary functions of s. 
The multinegaton solutions
then we have
34a)
(6.34b)
Then the one-negaton solution of (5.3) and the corresponding eigenfunction for (5.1) is given by
where α and β are arbitrary constants.
By using the method of variation of constants, we obtain the one-negaton solution for the CHESCS (2.5) with N = 1,
where α(s) is an arbitrary function of s.
In Fig 5, we plot the one-negaton solution of u and ϕ 1 . We find that
1 , · · · , Ψ N , Ψ
N ), (6.39a)
N , Φ i ), (6.39b) and the N-negaton solution of (5.3) and the corresponding eigenfunction for (5. By using the method of variation of constants, we obtain the N-negaton solution for the CHESCS (2.5) from (5.12), wherē r(y, s) = √ ω − 2[logW 1 ] ys | γ i =γ i , (6.41a)
41b)
where α i (s) are arbitrary functions of s.
Conclusion
The CHESCS and its Lax representation are derived. Conservation laws are constructed. It is reasonable to speculate on the potrential application of CHESCS, that is, CHESCS may describe the interaction of different solitary waves in shallow water. Since SESCS can be regarded as soliton equations with non-homogeneous terms, we look for explicit solutions by using the method of variation of constants. By considering a reciprocal transformation, which relates CH equation to an alternative of ACH equation, we propose a similar reciprocal transformation, which relates the CHESCS to ACHESCS. By using the Darboux transformation, one can find the n-soliton and ncuspon solution as well as n-positon and n-negaton solution of alternative ACH equation. Then by means of the method of variation of constants, we can obtain N-soliton, N-cuspon, N-positon and N-negaton solutions of the ACHESCS. Finally, using the inverse reciprocal transformation, we obtain N-soliton, N-cuspon, N-positon and N-negaton solutions of the CHESCS.
